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Abstract
The breaking of detailed balance, the symmetry between forward and backward probability
transition between two states, is crucial to understand irreversible systems. In hydrodynamic
turbulence, a far-from equilibrium system, we observe a strong manifestation of the breaking of
detailed balance by following the evolution of the kinetic energy of individual fluid elements. We
found in all the flows that we have investigated that fluid elements decelerate faster than they
accelerate, giving rise to negative third moment of energy increments, independently of space
dimensionality. The exchange of energy between fluid elements however is fundamentally different
in two and three dimensions. While pressure forces do not provide net energy change to slow or
fast particles in two dimensions, they tend to transfer energy from slow to fast particles in three
dimensions, possibly implying a runaway of energy.
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In thermal equilibrium, detailed balance makes equal the probabilities of forward and
backward transitions between any states, ensuring time-reversibility of equilibrium statis-
tics [1, 2]. In non-equilibrium, this detailed balance is violated and the statistics is not
time-reversible. Progress in understanding general features of non-equilibrium has been hin-
dered by the lack of a quantitative measure of time irreversibility. Here we show that for fluid
turbulence, a paradigm for ultimate far-from-equilibrium states [3], irreversibility manifests
itself in the evolution of the kinetic energy of individual fluid elements. In all flows studied
[4–8] we found that fluid elements decelerate faster than accelerate, a feature known all too
well from driving in dense traffic [9]. This asymmetry gives rise to negative third moment
of energy changes of fluid elements. The moment remains constant for time delays in the
range characteristic of turbulent eddies, independently of the flow details including space
dimensionality. However, turbulence in two and three dimensions show striking differences
in how energy is exchanged between fluid elements: pressure forces provide no net energy
exchange between fast and slow fluid elements in two dimensions; conversely, in three di-
mensions, pressure transfers energy from slow to fast ones. This suggests the possibility of
a runaway of kinetic energy, which may need to be considered when addressing the “Clay
Institute Millennium Problem” on the three-dimensional Navier-Stokes equations [10]. In
addition, we expect that our approach can be applied to plasma turbulence [11], quantum
turbulence [12], magnetohydrodynamics [13], and any system that is irreversible and has a
separation of scales. Investigation of such systems in the spirit of the present work is likely
to lead to new concepts in the physics of non-equilibrium [14].
Turbulence features originate from the vastly different scales lF , where the flow is forced
and inertia dominates, to a scale lD, where dissipation takes over. For a balance between
forcing and dissipation in a statistically steady flow, on average energy is transferred through
scales at a rate ε, a phenomenon called energy cascade. In three-dimensional (3D) flows,
where lF  lD [3, 15, 16], energy cascades from large to small scales. Energy transfers from
small to large scales in two-dimensional (2D) flows, where lF  lD [17, 18]. The energy flux
must be a source of statistical irreversibility. It was suggested that “A trained eye viewing
a movie of steady turbulence run backwards, can tell that something is indeed wrong!” [3].
Yet the rate of energy cascade ε is a dimensional quantity so it can be arbitrarily large
by changing the units even if the system is very close to equilibrium. Moreover, it can be
expressed as a moment of velocity differences at a single time [15, 16] without any reference
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to the evolution of the flow. That strongly suggests that ε cannot in itself be a proper
quantity that characterizes irreversibility.
Here we show that the irreversibility of the flow is revealed by changing the paradigm
from energy redistribution between “scales” to the dynamics of energy changes of fluid ele-
ments (or “particles”). Such particle (Lagrangian) perspective has recently provided much
new insight into the properties of fluid turbulence [4, 19–21]. However, characterizing time
irreversibility from the motion of a single particle has been impossible so far, as the con-
cepts used to study turbulent motions were essentially based on the velocity changes along
trajectories, V(t)−V(0), whose statistical properties are invariant under the t→ −t trans-
formation [22]. Here we find that the most simple and fundamental scalar quantity, the
kinetic energy of a fluid particle, E(t) = 1
2
V2(t), provides a clear identification and quantifi-
cation of the irreversibility of the flow. Exemplarily, the reason can be best understood from
Figures 1a & 1b, which show the evolution of E(t) along the trajectory of a fluid particle in
a 3D laboratory water flow [4, 21]. It illustrates that it takes a longer time to build-up than
to dissipate a large change of particle kinetic energy. This feature is reminiscent of what
has been observed in very different systems, such as cars in traffic [9, 23], jamming [24] and
even fluctuations of stock values [25]. As a result, the statistics of the energy increments
W (τ) = E(t+ τ)− E(t) are skewed: odd moments are negative for τ > 0. Figure 1c shows
−W 3(τ) measured from both experiments and numerical simulations [4, 5] of 3D turbulence.
In all these flows, −W 3(τ) grows at short times and then remains approximately constant
over the entire range of turbulence dynamical time scales. This contrasts sharply with the
lack of scaling range in the statistics of V(t + τ) −V(t) available so far [20, 26]. We note
that the kinetic energy E(t) is not Galilean invariant.
We analyzed large experimental and numerical data sets [4–8] containing more than 108
statistical samples, both in 2D and 3D. Figure 1d shows that the third moment of the energy
increments W (t) in 2D is similar to those in 3D (Fig. 1c), i.e., independent of the direction
of the energy flux. This stresses again that the energy flux ε by itself is not an appropriate
characteristic of irreversibility and suggests to use instead the dimensionless rate of change
of the kinetic energy as a proper measure. More specifically, we consider here the power
normalized by the energy flux, p/ε, where p = lim
∆t→0
W (∆t)
∆t
= dE
dt
= V · a, with a = dV
dt
being the fluid acceleration. We note that the statistics of the power p may be affected by
specific, non-universal aspects of the forcing, especially in 2D, in which the external forcing
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acts at small scales and is fast-changing. As we are focusing on the universal properties
of turbulence, in 2D we consider only kinetic energy differences over time scales ∆t which
are very short in terms of turbulence dynamics, but are long compared to the characteristic
time of the forcing (see more discussion in Appendix).
Time reversibility would imply detailed balance in the sense that the probability of energy
gain (p > 0) is the same as the probability of energy loss (p < 0) for any particle with any
velocity. Asymmetric (skewed) PDFs of p, as shown in Fig. 1e & 1f, are therefore a signature
that detailed balance is violated. This violation is then quantified by the third moment of
the fluctuations of p, which changes sign when reversing t→ −t, thus enabling a detection
of whether the movie of turbulence is played backwards or forwards, and provides significant
new information on the dynamics of turbulence [27].
Figures 2a & 2b show the normalized third moment of the power, defined as
Ir = −〈p3〉/ε3, (1)
in both 2D and 3D. As described below, Ir is a true measure of irreversibility. It increases
with the separation of scales between forcing and dissipation, characterized by the Reynolds
numbers. In 3D, it grows approximately as Ir ∝ R2λ, where Rλ ∝ (lF/lD)2/3 is the Taylor-
scale Reynolds number for 3D turbulence. For 2D turbulence in the energy cascade regime,
i.e., lF  lD, we characterize the scale separation by a friction based Reynolds number
Rα ∝ (lD/lF )2/3. Figure 2b shows that data from both experiments and numerics suggest
that the irreversibility also grows with this Reynolds number approximately as: Ir ∝ R2α.
The second moment of p, 〈p2〉/ε2, grows with the Reynolds numbers as R4/3α and R4/3λ , as
shown in Figures 2c & 2d. As a consequence, the skewness of the power fluctuations, defined
as s = 〈p3〉/〈p2〉3/2, is approximately constant, independent of the Reynolds number in both
2D and 3D. Our results indicate that the PDFs of p, however, are not strictly self-similar,
and depend on the Reynolds number.
Thus, remarkably, the measure of irreversibility, Ir, directly accessible in laboratory flows,
depends on the Reynolds number (or the ratio of the forcing and dissipation scales) to a
simple power, but is independent of the specificity of the forcing. Even more surprisingly,
the dependence of Ir on the Reynolds number is qualitatively very similar in 2D and 3D
flows, in spite of the opposite directions of the energy flux. The profound difference between
2D and 3D turbulence, however, manifests itself in the way the different forces in the fluid
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act on particles, as revealed by the following analysis. From the Navier-Stokes equations,
the power p is expressed as:
p = V · a = V · (f −∇P +D) (2)
where f is the external force per unit mass, P is the pressure divided by density, D is the
dissipation, due to viscosity in three dimensions, (D = ν∇2V), and including also friction
in two dimensions, (D = ν∇2V−αV). In a statistically homogeneous, isotropic and steady
flow, power is a fluctuating quantity whose mean value is zero: on average, forcing and
dissipation balance each other 〈V · f〉 = −〈V ·D〉 = ε. The pressure force does no work on
average [28], 〈V · ∇P 〉 = 0, and merely redistributes energy between fluid particles. Both
2D and 3D numerical simulations show that −V ·∇P provides the main contribution to the
variance of p, which vastly exceeds the forcing or dissipation terms in Eq. (2), see Fig. 3.
Contrary to the variances, the third moments of p in 2D and 3D are dominated by
different components of the forces. In 2D, nearly 60% of the power skewness comes from
the pressure-work skewness, −〈(V · ∇P )3〉, which is negative. In other words, the dynamics
of fluid elements is dominated by pressure, which essentially determines the statistics of
large fluctuations and the degree of turbulence irreversibility. The correlation between the
pressure gradient term and the friction term 〈3(−V · ∇P )2)(−αV · V )〉 contributes another
40%. Fig. 4a shows that the conditional mean 〈−V ·∇P |V2〉 is essentially zero for all values
of V2, which is the most straightforward way to satisfy the constraint 〈V · ∇P 〉 = 0. In
3D, however, it is dramatically different. The numerical simulation at Rλ = 430 gives the
skewness of power s = −0.667, while the pressure contribution −〈(V ·∇P )3〉/〈p2〉3/2 = 0.023
is very weak and with a sign opposite to the sign of s. The main contribution to the negative
third moments in 3D flows is given by the cross-correlation of the pressure with dissipation,
which dominates the positive contributions from the pressure term and the pressure-forcing
correlation term. The surprising role of pressure in 3D turbulence is clearly seen from Fig. 4b,
which shows that the conditional mean 〈−V · ∇P |V2〉 is negative for small V2 and positive
for large V2, see also recent results [29]. That is, in 3D turbulence, pressure takes energy
away from slow particles and gives it to fast particles! By itself, the dynamics due to pressure
forces would lead to the runaway of the kinetic energy of some fluid elements, a feature likely
related to the accelerated nature of the turbulence energy cascade in three dimensions [3].
This runaway provides a physical mechanism that could lead to an unbounded growth of the
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velocity, a necessary condition for breaking the regularity of the solution of the Navier-Stokes
equation [30]. Therefore our finding could provide important insight on the corresponding
Clay Institute Millennium Problem, for which, as explicitly stated in Ref. [10], “some deep,
new ideas are needed”.
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APPENDIX: INFLUENCE OF THE FORCING ON THE POWER STATISTICS
Turbulence generally depends on the nature of forcing. Of most fundamental interest are
the properties that are universal i.e., independent of forcing.
In 3D, a large-scale force impacts strongly on the single-time statistics in the inertial
interval via intermittency and anomalous scaling [3]. On the other hand, the moments of
the forcing term, f ·V, behave as: 〈(fV)n〉 ∼ εn as a function of the order n of the moment.
The reason for this is that both V and f are quantities that vary on a large scale. In
particular, the fluctuations of f are small compared to the fluctuations of D and ∇P . As a
consequence, the contribution of 〈(f ·V)3〉 to the third moment of power 〈(V · a)3〉 is small:
7
the statistics of power are unaffected by the details of the forcing.
In 2D, a small-scale force may affect significantly the statistics of V ·a. The reason is that
due to the inverse cascade, the forcing f varies on small scales, in contrary to the velocity field
V that is varying on large scales. The scalar product f ·V then rapidly varies along a particle
trajectory. Thus, the averaged quantity 〈f ·V〉 involves many cancellations. In particular,
one could conceivably have ε = 〈(f · V)〉  〈(f · V)2〉1/2, and similarly, 〈(f · V)3〉  ε3,
implying that the details of the forcing may be important while studying the third moment
of V · a.
In the results from 2D numerical simulations in which white-noise forcing is implemented,
the sign of the third moment of V · a is negative. On the other hand, in turbulent flows
induced by surface-waves, the forcing is well correlated in time due to the coherency of the
monochromatic Faraday waves at the frequency of fF = f0/2. This leads to a positive sign
of 〈(V · a)3〉. Due to this nature of turbulence forcing in these experiments, fluid particles
are accelerated fast by the waves at the time scale of TF = f
−1
F , and then slowly lose energy
via turbulence interactions. This property is a manifestation of the non-universal nature
of forcing in 2D. However, since the time scales over which turbulent dynamics develop are
much larger than TF , averaging V · a in time along the trajectories over several periods of
Faraday waves, i.e., defining p(t) = 1
sm
∫ sm
0
V(t + t′) · a(t + t′)dt′, where sm is the time
period of averaging, eliminates the contribution of forcing on the V · a statistics and reveals
negative 〈p3〉 in the inertial interval. Similarly, we filter the energy increments along the
trajecotries as W (τ) = 1
sm
∫ sm
0
1
2
[V2(t+τ + t′)−V2(t+ t′)]dt′. On the other hand, the peaks
at ≈ fF are much more prominent in the spectra of V · a.
The contribution of forcing can be seen in the Lagrangian spectra of V2 and V · a
computed along the tracer trajectories in the surface wave driven 2D turbulence. As shown
in Figs. 5a & 5b, the spectra exhibit strong peaks at a frequency close to fF , corresponding to
the Doppler shifted Faraday wave frequency. Another peak seen at lower frequencies (f ≤ 6
Hz) corresponds to the turbulent motion, including the inertial range. Low-pass filtering
V2, more precisely, averaging V2 over sm = 2TF along the trajectories as defined above,
eliminates the forcing peak in the spectra of V2, see Fig. 5a. The data shown in Fig. 1d of
the main text are obtained after applying this filtering with sm = 2TF . On the other hand,
the peaks at ≈ fF are much more prominent in the spectra of V · a and contribute to a
strong signal, which is responsible for the measured positive skewness of 〈(V ·a)3〉. Although
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smoothing V ·a along the Lagrangian trajectories over 2TF reduces significantly the relative
contribution of the peak at ≈ fF , see Fig. 5b, the filtered signal still exhibits a positive
skewness. In Fig. 5c, we show the skewness of the averaged power p as a function of sm,
the time of averaging. As the filtering period is increased, the third moment 〈p3〉 decreases
and reaches an essentially constant negative value when the smoothing time is larger than
∼ 5TF , see Fig. 5c. A similar behavior is observed for all values of the vertical accelerations.
We note that because W and p are obtained by smoothing V2 and V · a separately, the
relation p = ∆W
∆t
is only approximately held due to the limited sampling rate of the cameras.
On the other hand, this does not affect our results since we are considering the turbulent
dynamics, which, as shown in Figs. 5a & 5b, are in the smaller frequency range. Over that
range, the skewness of the smoothed power 〈p3〉 is independent of the averaging time sm.
In Figs. 2b & 2d in the main text the second and the third moments of p from experimental
data are computed by smoothing p over 7TF .
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FIG. 1: See the next page for figure caption.
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FIG. 1: Asymmetry of the statistics of energy differences: (a) The trajectory of a fluid
particle in a 3D laboratory flow at Rλ = 690. Colour-coding is the instantaneous power
p(t) = dE
dt
= a(t) ·V(t) acting on the fluid particle, showing that energy builds up slowly
and dissipates quickly. The particle enters the observation volume from above and leaves
from below. The indicated length scale is expressed in terms of the Kolmogorov scale η,
which is the dissipation scale of this flow: lD = η = 30µm. (b): The evolution of the
kinetic energy E(t) of the same particle as a function of time. The upper panel is for the
entire trajectory, while the lower panel magnifies the period with strong energy change,
i.e., high power fluctuations (same colour coding as in (a)). It can be seen that the particle
experiences higher values of negative p, comparing with positive p, indicating that the
particle loses kinetic energy more rapidly than gaining kinetic energy. (c) The third
moment of energy increments W (τ) = E(t+ τ)− E(t) as a function of τ in 3D turbulence
for different Reynolds numbers. The quantity −〈W (τ)3〉 grows like τ 3 at short times, and
saturates after τ ≈ 2τK , where τK is the Kolmogorov time, the fastest time scale of
turbulence, below which the viscosity of the fluid damps fluctuations and the dynamics is
smooth. (d) The third moment of W (τ) from 2D turbulence experiments. Features similar
to 3D turbulence are observed, i.e., W 3(τ) is negative and nearly saturates when τ ∼ τf ,
where τf ∼ (l2F/ε)1/3 is the characteristic time corresponding to the forcing scale lF and is
much shorter than the time scale over which energy is dissipated by friction (see
Appendix). (e) The PDF of p/ε at three different Reynolds numbers Rλ = 170, 430, and
690 for 3D turbulence. For comparison, the PDFs of negative power (p < 0), shown by the
dashed lines, are reflected about the vertical axis. The size of the characteristic power is
much larger than ε and increases with the Reynolds number. Moreover, large negative
values of p are more frequent than large positive values, indicating that most of the violent
energy exchange events that a fluid particle experiences are energy-loss events rather than
energy-gaining. Data at Rλ = 170 and 430 are from DNS and data at Rλ = 690 are from
experiments. (f) PDFs of p/ε from 2D turbulence simulations at Rα = 26, 51 and 102.
Similar behaviour as for 3D turbulence is observed.
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FIG. 2: Statistical properties of the instantaneous power p acting on fluid particles: (a):
Variation of −〈p3〉/ε3 vs. Rλ for 3D turbulence. Its increase is close to R2λ. (b): Variation
of −〈p3〉/ε3 vs. Rα for 2D turbulence, which increases approximately as R2α. (c) and (d):
Variation of 〈p2〉/ε2 for 3D and 2D turbulence, respectively. The variance increases rapidly
with Reynolds numbers, close to R
4/3
λ or R
4/3
α for 3D and 2D turbulence, which results in a
nearly constant skewness for p: 〈p3〉/〈p2〉3/2 ≈ −0.5 in 3D and ≈ −0.2 in 2D, independent
of the Reynolds number.
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FIG. 3: Relative importance of the various terms due to forcing, pressure and dissipation
on instantaneous power p = V · a, all normalized with turbulence energy dissipation rate ε:
(a) The PDFs of p/ε, −V · ∇P/ε, V ·D/ε and V · f/ε from three-dimensional DNS at
Rλ = 430. The instantaneous values of power and the contribution from pressure-gradient
are typically much larger than those from the viscous term and the external forcing. (b)
The PDFs of p/ε, pressure gradient term −V · ∇P/ε, viscous dissipation term V ·D/ε and
the friction term −αV 2/ε from DNS of 2D turbulence at Rα = 51.
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FIG. 4: The role of pressure in distributing kinetic energy among fluid particles: A
dramatic difference between 3D and 2D turbulence. (a) The average the pressure-term
−V · ∇P conditioned on the kinetic energy of the fluid particle in 2D turbulence (DNS
data at Rα = 51 and Rα = 102). The average −V · ∇P |V 2 is very small, essentially zero,
for all particle velocities, meaning that in 2D flows, the pressure forces result in no net
energy transfer between particles with different levels of kinetic energies, which is a more
“detailed” version of the constraint 〈V · ∇P 〉 = 0. (b) The same conditional average for 3D
turbulence (DNS data at Rλ = 115 and 430). Now the situation is very different compared
to 2D turbulence. The conditional mean of the pressure is negative for particles with small
V 2, while it is positive for particles with larger V 2, which implies that, on average, the
pressure term in 3D turbulence takes energy away from slow particles and gives to fast
particles. This could lead to a run-away effect and can only be stopped by viscous forces.
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FIG. 5: Spectral signature of the forcing and the effect of filtering. Panels (a) and (b)
show the Lagrangian spectra of kinetic energy V2, and the instantaneous power V · a,
respectively. The curves in red are the raw spectra (without filtering), which exhibit a
peak at f ≈ f0/2, corresponding to the forcing, in addition to the peaks at low frequency
(f ≈ 2 Hz) corresponding to the turbulent degrees of freedom. Low-pass filtering the
signals, with a cutoff corresponding to twice the period of the forcing sm = 2TF ,
considerably reduces the peak at f0/2, as shown by the blue curves, although the peak is
still visible in the spectrum of filtered V · a. (c) Convergence of 〈p3〉, the third moment of
the filtered power, as a function of the smoothing parameter sm.
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